
Pseudo-likelihood produces associative memories
able to generalize, even for asymmetric couplings

Pseudo-likelihood training
▶ N variables x ∈ RN , dataset of P datapoints 𝜉𝜇 ∈ RN , load 𝛼 = P

N

▶ Energy-based parametrization pJ (x) = exp{−𝜆E (x)}/ZJ

▶ Likelihood training: minimize L = −∑P
𝜇=1 log pJ (𝜉𝜇).

Problem: untractable partition function ZJ

Pseudo-likelihood approximation: L = −∑P
𝜇=1
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Zero-temperature dynamics: x (t+1)i = sign(∑j(≠i) Jijx

(t)
j )

Pseudo-likelihood produces associative memories
▶ Associative memories store memories as fixed point

▶ Initial condition xIN ⇒ basin of attraction of a memory 𝜉𝜇 related to
minimum overlap mIN = 1

N𝜉
𝜇 · xIN s.t. dynamics converges to 𝜉𝜇.

▶ (left) Pseudo-likelihood training produces optimal basins

▶ (right) Works for symmetric and asymmetric couplings.
Theoretical bounds: 𝛼C = 1 for symmetric and 𝛼C = 2 for asymmetric. 0.0 0.2 0.4 0.6 0.8 1.0
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Quantitative theory during training
▶ Stabilities Δ𝜇

i =
1√
N
𝜉
𝜇

i

∑
j≠i Jij𝜉

𝜇

j to predict storage of 𝜉𝜇

▶ Pseudo-likelihood maximized independently by each spin
⇒ mapping to training of N independent perceptrons

▶ (left) Fixed norm Perceptron minimizes V𝜆(Δ) = 𝜆Δ − log 2 cosh(𝜆Δ)
⇒ Gardner replica computation to obtain P (Δ) given (𝛼, 𝜆)

▶ (right) P (Δ) with unbounded norm similar to 𝜆(t) = |J(t) | 1 0 1 2 3 4
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Storage, learning and generalization in a random features dataset (Hidden Manifold Model)

▶ D random i.i.d. features fk ∈ RN , with f ki = ±1

▶ Datapoints 𝜉𝜇 = sgn(∑D
k c

𝜇

k f
k
i )

▶ Random coefficients c𝜇k = ±1

▶ Storage of training 𝜉𝜇 data, learning of features fk and
generalization to unseen 𝜉 test examples 0.01
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Results on various datasets
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Take-home message
▶ PL produces energy minima over data

▶ Energy landscape controlled by norm of
weights

▶ With random features fixed-points are
developed over features and test data as
well

▶ On real dataset storage-to-generalization
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